1 2 } at each marked point, and we will say that a quasiparabolic vector bundle is stable if it stable with respect to these weights (see §1.3 and references therein). By [MS80] , there is a fine, projective moduli space N of stable quasiparabolic vector bundles of rank 2 and degree zero on (P 1 , p 1 , . . . , p 2g+1 ).
The purpose of this note is to show that N is isomorphic to the variety of (g − 2)-dimensional linear subspaces of P 2g contained in the intersection of two quadrics.
Theorem. Let p 1 , . . . , p 2g+1 ∈ P 1 be distinct points, with g ≥ 2; assume that p j = (λ j : 1) with λ j ∈ k. Consider P 2g with homogeneous coordinates (x 1 : · · · : x 2g+1 ), and let Q 1 and Q 2 denote the following quadrics:
Then the moduli space N of stable quasiparabolic vector bundles of rank 2 and degree zero on (P 1 , p 1 , . . . , p 2g+1 ) is isomorphic to the variety G of (g − 2)-dimensional linear subspaces of P 2g , contained in Q 1 ∩ Q 2 .
Notice that the choice of the degree is not relevant here, as for every d ∈ Z N is isomorphic to the moduli space of stable quasiparabolic vector bundles of rank 2 and degree d on (P 1 , p 1 , . . . , p 2g+1 ), see §1.3. The proof of this result relies on two well-known facts. The first is the relation between quasiparabolic vector bundles on P 1 and invariant vector bundles on hyperelliptic curves, established by Bhosle [BD84] . The second ingredient is the description by Bhosle and Ramanan [DR76] of the moduli space of stable vector bundles on a hyperelliptic curve of genus g, with rank 2 and fixed determinant of odd degree, as the variety of (g − 2)-dimensional linear subspaces of P 2g+1 contained in the intersections of two quadrics.
Let us notice that the variety G is a remarkable example of Fano variety; it has dimension 2g − 2, Picard number ρ G = 2g + 2, and −K G very ample (see §1.5). Both varieties N and G have been studied in several papers, see for instance [Bau91, Bis98, Abe04, Muk05, BHK10] for N , and §1.5 and references therein for G.
The moduli space N has a rich birational geometry: it has been shown by Bauer [Bau91] that it is a small modification of the blow-up of P 2g−2 in 2g + 1 points, see §3.1. In particular, we deduce that G is a rational variety.
Summing-up, we have three different descriptions for the same Fano variety: an embedded description in a grassmannian, a modular description via quasiparabolic vector bundles on P 1 , and a birational description as the unique Fano small modification of the blow-up of P 2g−2 in 2g + 1 points.
1. Preliminaries 1.1. Notations. If V is a vector bundle over a curve C, we denote by V p the fiber of V over p ∈ C. Moreover, if α : V ′ → V is a homomorphism between locally free sheaves, we denote by α p : V ′ p → V p the induced linear map.
We denote by Gr(r, P n ) the grassmannian of r-dimensional linear subspaces of P n .
If M is a moduli space, we denote by [E] the point of M corresponding to the object E.
We work over an algebraically closed field k of characteristic zero.
1.2. Quasiparabolic vector bundles. Let C be a smooth projective curve with distinct marked points p 1 , . . . , p r ∈ C. A rank 2 quasiparabolic vector bundle on (C, p 1 , . . . , p r ) is given by (V, F 1 , . . . , F r ), where V is a rank 2 vector bundle on C, and F j is a one-dimensional subspace of V p j for every j = 1, . . . , r. Let us describe a well-known construction for shifting degrees of quasiparabolic vector bundles (see [MS80, Rem. 5 .4] and [Muk03, §12.5]). Given (V, F 1 , . . . , F r ), consider the natural sheaf map
and set V ′ := ker β, so that V ′ is the subsheaf of sections s of V such that s(p j ) ∈ F j for all j. We have an exact sequence of sheaves on C:
, and α is an isomorphism outside p 1 , . . . , p r , while we have Im α p j = F j and dim ker α p j = 1 for every j = 1, . . . , r. Thus we get a new rank 2 vector bundle V ′ on C, with a quasiparabolic structure at the points p 1 , . . . , p r given by the one-dimensional subspaces F ′ j := ker α p j . Starting from (V ′ , F ′ 1 , . . . , F ′ r ), we can repeat the procedure and get a new exact sequence
and a new rank 2 quasiparabolic vector bundle (V ′′ , F ′′ 1 , . . . , F ′′ r ). Then V ′′ is the subsheaf of sections s of V vanishing at all p j 's, namely V ′′ ∼ = V ⊗O C (−p 1 −· · ·−p r ), and the subspaces F ′′ j correspond to F j under this isomorphism. This shows that the quasiparabolic vector bundles (V, F 1 , . . . , F r ) and (V ′ , F ′ 1 , . . . , F ′ r ) determine each other. 1.3. Moduli of stable quasiparabolic vector bundles. A rank 2 quasiparabolic vector bundle (V, F 1 , . . . , F 2g+1 ) on (P 1 , p 1 , . . . , p 2g+1 ) is stable (with respect to the weights {0, 2 ). Notice that as the right-hand side is not an integer, we can never get equality above; this depends on the fact that the number of marked points is odd, and corresponds to the non-existence of strictly semistable quasiparabolic vector bundles in our setting.
There exists a smooth, projective, fine moduli space N d for stable quasiparabolic vector bundles of degree d and rank 2 on (P 1 , p 1 , . . . , p 2g+1 ) [MS80] .
As usual, by tensoring with a line bundle, one sees that N d ∼ = N d ′ when d and d ′ have the same parity. Moreover, using the construction described in §1.2 (see also [Muk03, Lemma 12 .51]), we also get N d ∼ = N d−2g−1 . We conclude that the moduli spaces N d are isomorphic for all d; in the rest of the paper we will set d = 0 and just write N for N 0 . In this case the stability condition becomes: 
Let us assume that Z is indeed smooth, and let G be the variety of (g −2)-dimensional linear subspaces contained in Z. Then G is smooth, connected, and has dimension 2g − 2 (see [Rei72, Th. 2.6] for smoothness, and [Bor90, Th. 4.1] or [DM98, Th. 2.1] for connectedness). Moreover −K G is given by the restriction to G of O(1) on the grassmannian Gr(g − 2, P 2g ) (see [Bor90, Rem. 4 .3] or [DM98, Rem. 3.2(2)]), in particular G is a Fano variety, −K G is very ample, and the Plücker embedding of Gr(g − 2, P 2g ) in P ( 2g+1 g−1 )−1 yields an anticanonical embedding for G. Finally we have
2. Proof of the Theorem 2.1. As a first step, we embed G in the variety G ′ of (g−2)-dimensional linear subspaces of P 2g+1 , contained in the intersection of two (2g)-dimensional quadrics.
Consider P 2g+1 with homogeneous coordinates (x 1 : · · · : x 2g+2 ). We identify P 2g with the hyperplane H := {x 2g+2 = 0} ⊂ P 2g+1 , and Gr(g − 2, P 2g ) with the subvariety
Fix λ 2g+2 ∈ k different from λ 1 , . . . , λ 2g+1 , and consider the two quadrics in P 2g+1 :
Finally let G ′ ⊂ Gr(g − 2, P 2g+1 ) be the variety of (g − 2)-dimensional linear subspaces of
Let us consider the involutions of P 2g+1 and of G ′ given by:
If L is a linear subspace of P 2g+1 , an elementary computation shows that i P 2g+1 (L) = L if and only if either L ⊆ H = {x 2g+2 = 0}, or L contains the point (0 : · · · : 0 : 1). Since this point is not contained in the quadric Q ′ 1 , we deduce that G is the fixed locus of the involution i G ′ .
2.3. Set p 2g+2 := (λ 2g+2 : 1) ∈ P 1 , and notice that the points p 1 , . . . , p 2g+2 are distinct. Let π : X → P 1 be the double cover of P 1 ramified over p 1 , . . . , p 2g+2 , so that X is a hyperelliptic curve of genus g. Set w j := π −1 (p j ) for j = 1, . . . , 2g + 2, and let i : X → X be the hyperelliptic involution.
Let M be the moduli space of stable rank 2 vector bundles on X, with determinant O X (−w 1 − · · · − w 2g+1 ); by [DR76] there exists an isomorphism 
As in [DR76, Lemma 2.1], the line bundle β corresponds to a partition {1, . . . , 2g + 2} = S ∪ T , where S :={j | the coefficient of w j in D is odd } = {1, . . . , 2g + 1},
Notice that by choosing another divisor D ′ linearly equivalent to D, and with support contained in {w 1 , . . . , w 2g+2 }, we get the same partition, with at most S and T interchanged.
By [DR76, Corollary, p. 161] i M corresponds, under the isomorphism ϕ, to the involution of G ′ induced by the involution of P 2g+1 which changes the sign of the coordinates x j for j ∈ S. This is precisely the involution i G ′ in (2.2).
We conclude that ϕ restricts to an isomorphism between M inv and G; in particular, M inv is smooth, irreducible, and has dimension 2g − 2 (see §1.5).
We are left to show that M inv is isomorphic to N . We first describe a set-theoretical map from N to M inv . Let (V, F 1 , . . . , F 2g+1 ) be a rank 2 stable quasiparabolic vector bundle on (P 1 , p 1 , . . . , p 2g+1 ), of degree zero. Its pull-back π * V inherits the quasiparabolic structure (π * V, π * F 1 , . . . , π * F 2g+1 ) on the curve X with marked points w 1 , . . . , w 2g+1 . As described in §1.2, we have an exact sequence of sheaves on X:
where E is locally free of rank 2, det E ∼ = O X (−w 1 −· · ·−w 2g+1 ), and α is an isomorphism outside w 1 , . . . , w 2g+1 , while Im α w j = π * F j and dim ker α w j = 1 for every j = 1, . . . , 2g + 1. The natural isomorphism π * V ∼ = i * π * V and the exact sequence above induce a natural isomorphism
such that i * (ξ) • ξ = Id E (ξ can be thought as a lifting of the involution i to the total space of the vector bundle E); in particular, for every j = 1, . . . , 2g + 2 we have an induced involution ξ w j : E w j → E w j . As the homomorphism β is trivial in w 2g+2 , ξ w 2g+2 is the identity. A local computation shows that for j = 1, . . . , 2g + 1, ξ w j has eigenvalues 1 and −1, and the (−1)-eigenspace is ker α w j .
2.6. Let us show that E is stable (see also [BD84, Prop. 1.2]). By contradiction, suppose the contrary. Then there exists a line subbundle
Since a rank 2 vector bundle has at most one destabilising line bundle (see [Muk03, Prop. 10 .38]), we must have
Let M ⊂ π * V be the line subbundle generated by the image of L under
where M ′ is a line subbundle of V .
Set J := {j ∈ {1, . . . , 2g+1} | L w j = ker α w j } and J c := {1, . . . , 2g+1} J.
Notice that if j ∈ J c , then M w j = Im α w j , hence M ′ p j = F j . Thus the equation above contradicts the stability of (V, F 1 , . . . , F 2g+1 ) (see (1.4)).
Therefore E is stable, and [E] ∈ M inv .
2.7. The construction in 2.5 can be made in families, starting from the universal family over N ; this yields a morphism
As N and M inv are smooth, irreducible varieties of the same dimension, to conclude that ψ is an isomorphism it is enough to show that ψ is injective. Let [(V, F 1 , . . . , F 2g+1 )] and [( V , F 1 , . . . , F 2g+1 )] be two points of N , with the same image [E] ∈ M inv under ψ. By construction we have two isomorphisms ξ, ξ :
As E is stable, it has only constant automorphisms, and there exists a nonzero constant λ such that ξ = λξ. Then (2.8) implies λ = ±1, and (2.9) yields λ = 1, namely ξ = ξ.
In particular, the (−1)-eigenspaces of ξ w j and ξ w j are the same for all j = 1, . . . , 2g + 1, thus the quasiparabolic vector bundles (E, ker α w 1 , . . . , ker α w 2g+1 ) and (E, ker α w 1 , . . . , ker α w 2g+1 ) coincide. As noticed in §1.2, this shows that the quasiparabolic vector bundles (π * V, π * F 1 , . . . , π * F 2g+1 ) and (π * V , π * F 1 , . . . , π * F 2g+1 ) are isomorphic, and hence the same holds for (V, F 1 , . . . , F 2g+1 ) and ( V , F 1 , . . . , F 2g+1 ).
This shows that ψ is injective, and concludes the proof of the Theorem. 
On the other hand, we have G ⊂ P ( for g = 2, 3, while be the moduli space of semistable rank two quasiparabolic vector bundles of degree d on (P 1 , p 1 , . . . , p 2g+2 ). As in §2.5, one can associate to (V, F 1 , . . . , F 2g+2 ) an i-invariant vector bundle E on the hyperelliptic curve X; however, the degree of E is even, so this relates N + d to the moduli space M + of semistable rank two vector bundles on X with fixed determinant of even degree. Moreover, the resulting map N + d → M + is not injective, but has degree two onto its image; for more details we refer the reader to [Kum00, Th. 2.1] and [Abe04, §2.13] and references therein.
Final remarks
3.1. Birational geometry: relation with the blow-up of P n at n + 3 general points. Set n := 2g − 2, so that 2g + 1 = n + 3. Let q 1 , . . . , q 2g+1 ∈ P n be the images of p 1 , . . . , p 2g+1 ∈ P 1 under the Veronese embedding P 1 ֒→ P n ; notice that the points q 1 , . . . , q n+3 are in general position, in the sense that any n + 1 points are projectively independent.
Let Y be the blow-up of P n at q 1 , . . . , q n+3 . It has been shown by Bauer Notice that when g = 2, G is just the intersection of two quadrics in P 4 (namely a Del Pezzo surface of degree 4), Y is the blow-up of P 2 at 5 points, and G ∼ = Y .
3.2. Dimension 4. Let us set g = 4 in this paragraph, so that G ⊂ Gr(1, P 6 ) is the variety of lines contained in the intersection of two quadrics in P 6 , and has dimension n = 4. The Fano 4-fold G has been studied by Borcea [Bor91] and Küchle [Küc95] ; it has b 2 = 8, b 3 = 0, b 4 = h 2,2 = 30, (−K) 4 = 80, and h 0 (−K) = 21. It is a peculiar example of Fano 4-fold, because it has "large" second Betti number: the only other examples known to the author of Fano 4-folds with b 2 ≥ 8 are products of Del Pezzo surfaces.
As above let Y be the blow-up of P 4 in 7 points. The small modification Y G has a simple, explicit description as a sequence of 22 K-positive flips, see [Muk03, Ex. 12 .57].
The cone of effective curves NE(G) has 64 extremal rays; these are all small, of type (2, 0), with exceptional locus a surface L ∼ = P 2 with normal bundle O(−1) ⊕2 [Bor91, Th. 4.3]. These surfaces in fact are given by the lines contained in the 64 planes contained in Q 1 ∩ Q 2 ⊂ P 6 .
We conclude by noting that the blow-up of G at a general point is still a Mori dream space, because it is a small modification of a blow-up of P 4 at 8 general points, which is a Mori dream space (see [CT06, Th. 1.3] and also [Muk05, §2] ). It would be interesting to know whether this blow-up still has a Fano small modification; this would give an example of Fano 4-fold with b 2 = 9, which is not a product of surfaces.
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